Microwave background anisotropies in quasiopen inflation by Garcia-Bellido, Juan et al.
ar
X
iv
:h
ep
-p
h/
98
12
53
3v
1 
 3
1 
D
ec
 1
99
8
Microwave background anisotropies in quasiopen inflation
Juan Garc´ıa-Bellido
Theoretical Physics, Blackett Laboratory, Imperial College, Prince Consort Road, London SW7 2BZ, U.K.
Jaume Garriga and Xavier Montes
IFAE, Edifici C, Universitat Auto`noma de Barcelona, E-08193 Bellaterra, Spain
(December 31, 1998)
Quasiopenness seems to be generic to multi-field models of single-bubble open inflation. Instead of
producing infinite open universes, these models actually produce an ensemble of very large but finite
inflating islands. In this paper we study the possible constraints from CMB anisotropies on existing
models of open inflation. The effect of supercurvature anisotropies combined with the quasiopenness
of the inflating regions make some models incompatible with observations, and severely reduces the
parameter space of others. Supernatural open inflation and the uncoupled two-field model seem
to be ruled out due to these constraints for values of Ω0 <∼ 0.98. Others, such as the open hybrid
inflation model with suitable parameters for the slow roll potential can be made compatible with
observations.
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I. INTRODUCTION
There is at present some evidence, based on observa-
tions of supernovae at large redshift [1], that the Universe
may not be Einstein-deSitter (Ωm = 1, ΩΛ = 0), as pre-
dicted by the simplest models of inflation. Furthermore,
recent observations of the microwave background (CMB)
and large scale structure indicate that the Universe may
be open (Ω0 = Ωm + ΩΛ = 0.8 ± 0.3) [2]. In the near
future, observations of the microwave background with a
new generation of satellites, MAP and Planck, will de-
termine with an accuracy of order 1% whether we live in
an open Universe or not. It is therefore crucial to know
whether inflation can be made compatible with such a
Universe.
The idea that the Universe might be open is an old
one, see for instance [3]. Early attempts to accommodate
standard inflation in an open Universe failed to realize
the fact that, in usual inflation, homogeneity implies flat-
ness [4], because of the Grishchuck–Zel’dovich effect [5].
The possibility of having, through the nucleation of a
single bubble in de Sitter space, a truly open Universe
arising from inflation is not new either, see [6,7]. How-
ever, a concrete realization of a fully consistent model was
suggested only recently, the single-bubble open inflation
model [8,9]. Since then, there has been great progress in
determining the precise primordial spectra of perturba-
tions [10–23], most of it based on quantum field theory
in spatially open spaces. Simultaneously, a large effort
was made in model building [9,24–26] and in constraining
the existing models from observations of the temperature
power spectrum of CMB anisotropies [25–28].
Open inflation models provide a natural scenario for
understanding the large-scale homogeneity and isotropy.
Furthermore, these inflationary models generically pre-
dict a nearly scale-invariant spectrum of density and
gravitational wave perturbations, which could be respon-
sible for the observed CMB temperature anisotropies.
Future precise observations could determine whether in-
deed these models are compatible with the observed fea-
tures of the CMB power spectrum. For that purpose it
is necessary to know the predicted spectrum with great
accuracy. As we will show, open models have a more com-
plicated primordial spectrum of perturbations, with ex-
tra discrete modes and possibly large tensor anisotropies.
The simplest inflationary model consistent with an
open Universe arises from the nucleation of a bubble in
de Sitter space [6], inside which a second stage of inflation
drives the spatial curvature to almost flatness. The small
deviation from flatness at the end of inflation will be am-
plified by the subsequent expansion during the radiation
and matter eras. The present value of the density param-
eter is determined from (1−Ω0)/Ω0 ∼ exp(−2Ne)×1054,
where Ne ≤ 60 is the required number of e-folds during
inflation (inside the bubble), in order to give an open
Universe today. A few percent change in Ne could lead
to an almost flat Universe or to a wide open one.
This simple picture could be realized in the context of
a single-field scalar potential [8] or in multiple-field po-
tentials [9,24–26], as long as there exists a false vacuum
epoch during which the Universe becomes homogeneous
and then one of the fields tunnels to the true vacuum,
creating a single isolated bubble. The space-time inside
this bubble is that of an open Universe [29,6]. Although
single-field models can in principle be constructed, they
require a certain amount of fine-tuning in order to avoid
tunneling via the Hawking–Moss instanton [9]. The prob-
lem is that a large mass is needed for successful tunneling
and a small mass for successful slow-roll inside the bub-
ble. For that reason, it seems more natural to consider
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multiple-field models of open inflation [9,24–26], where
one field does the tunneling, another drives slow-roll in-
flation inside the bubble, and yet another may end in-
flation, as in the open hybrid model [26]. Such mod-
els account for the large-scale homogeneity observed by
COBE [30] and are also consistent with recent determi-
nations of a small density parameter [31–34].
In this paper, we shall systematically explore the possi-
ble constraints from CMB anisotropies on existing mod-
els of open and quasiopen inflation. The structure of the
paper is as follows. In sections II and III, a brief review
of the quantum tunneling and the primordial spectrum
of perturbations is given. Section IV is devoted to quasi-
open inflation. In section V some general bounds are
found from CMB observations. In section VI, the bounds
derived in the previous section are used to constrain sev-
eral models of open inflation. Section VII discusses the
probability distribution for Ω0 in quasi-open inflation and
corresponding constraints on the parameters of the mod-
els. Section VIII contains our conclusions.
II. QUANTUM TUNNELING
The quantum tunneling that gives rise to the single
bubble of open inflation can be described with the use
of the bounce action formalism developed by Coleman–
DeLuccia [29] and by Parke [35] in the thin-wall approxi-
mation, valid when the width of the bubble wall is much
smaller than the radius of curvature of the bubble. This
only requires that the barrier between the false and the
true vacuum be sufficiently high, U0 ≫ ∆U = UF − UT .
In this case we can write the radius of the bubble in terms
of the dimensionless parameters a and b [28],
R0HT = [1 + (a+ b)
2]−1/2 ≡ [1 + ∆2]−1/2 , (1)
a ≡ ∆U
3S1HT
, b ≡ κ
2S1
4HT
, (2)
where κ2 ≡ 8πG and S1 is the surface tension of the bub-
ble wall, computed as S1 =
∫ σT
σF
dσ [2(U(σ) − UF )]1/2.
Here σ is the tunneling field. Since S1 ∼ U0/M ∼
M(∆σ)2 for a mass M in the false vacuum, the param-
eter a ≃ (∆U/U0)M/HT , which characterizes the de-
generacy of the vacua, can be made arbitrarily small by
tuning UT ≃ UF . On the other hand, the parameter
b ≃ (∆σ/MPl)2M/HT , which characterizes the width of
the barrier, is not so easily tunable, and could be very
large or very small depending on the model.
In order to prevent collisions with other nucleated bub-
bles (at least in our past light cone) it is necessary that
the probability of tunneling be sufficiently suppressed.
For an open Universe of Ω0 > 0.2, this is satisfied as long
as the bounce action SB > 6, see Ref. [6]. This imposes
only a very mild constraint on the tunneling parameters
a and b, as long as the energy density in the true vacuum
satisfies UT ≪M4Pl, see Ref. [28].
III. PRIMORDIAL PERTURBATION SPECTRA
There are essentially two kinds of primordial pertur-
bations in open inflation, subcurvature and supercurva-
ture. In the first category we have the usual scalar and
tensor metric perturbations [11,12,18], which are gener-
ated during the slow roll inflation inside the bubble. The
second category of modes arises because of perturbations
which are generated outside the bubble or as a result
of the acceleration of the expanding bubble [10,27,12].
In particular, the fluctuations of the bubble wall itself
generate perturbations [14–16,19] which are specific to
open inflation. In addition, in the context of two-field
models of open inflation [9], we have semi-classical ef-
fects due to tunneling to different values of the inflaton
field [20,21]. All these perturbations create anisotropies
in the CMB, which distort the angular power spectrum
on large scales (low multipoles). On smaller scales, the
particle horizon at last scattering subtends an angle of
about one degree on the sky for a flat universe, and some-
what smaller for an open universe, due to the projection
effect of the geodesics. This effect shifts the first acoustic
peak of the temperature power spectrum to higher mul-
tipoles (lpeak ∼ 208 Ω−1/20 ) [36,37], but the primordial
spectrum at those multipoles is essentially that of a flat
Universe.
A. Subcurvature scalar and tensor perturbations
Soon after the proposal of a single-bubble open infla-
tion model [8], the primordial spectrum of scalar pertur-
bations was computed and found to be identical to that
of the flat case, except for a prefactor that depends on
the bubble geometry [12],
PR(q) = A2S f(q) , A2S =
κ2
2ǫ
(HT
2π
)2
. (3)
Here PR(q) is the primordial spectrum of scalar metric
perturbations R, in term of which the continuum part of
the power spectrum∗ is written as
〈|R(q)|2〉 = 2π
2PR(q)
q(1 + q2)
. (4)
The function f(q) [12] depends on the tunneling param-
eters a and b, see Eq. (2),
f(q) = cothπq − z
2 cos q˜ + 2qz sin q˜
(4q2 + z2) sinhπq
, (5)
where q˜ = q ln((1 + x)/(1 − x)) and
∗See the Appendix A for notation.
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x = (1−R20H2T )1/2 = ∆(1 +∆2)−1/2 , (6)
z = (1−R20H2T )1/2 − (1 −R20H2F )1/2
= 2b (1 + ∆2)−1/2 , (7)
see Eq. (1). The function f(q) is linear at small q, and
approaches a constant value f(q) = 1 at q ≥ 2. Here q
is the effective momentum for scalar modes in an open
Universe, determined from q2 = k2− 1, where −k2 is the
eigenvalue of the Laplacian. For scalar perturbations,
the effect of f(q) on the temperature power spectrum
is almost negligible, and therefore the tilt of the scalar
spectrum is approximately given by the same formula as
in flat space [38]:
nS − 1 ≡ d lnPR(k)
d ln k
≃ −6ǫ+ 2η , (8)
in the slow-roll approximation,
ǫ =
1
2κ2
(V ′(φ)
V (φ)
)2
≪ 1 , η = 1
κ2
V ′′(φ)
V (φ)
≪ 1 . (9)
On the other hand, the primordial spectrum of tensor
or gravitational waves anisotropies took much longer to
evaluate. For some years, there seemed to be a problem
with the power spectrum of tensor anisotropies, which
presented an infrared divergence at q = 0 in an open
Universe [39]. It was clear that a physical regulator was
necessary. But this is precisely the role played by the
bubble wall; recent computations have shown that in the
presence of the bubble the tensor primordial spectrum*
is given by [18]
〈|h(q)|2〉 = π
2Pg(q)
4q(1 + q2)
, (10)
where
Pg(q) = A2T f(q) , A2T = 8κ2
(HT
2π
)2
. (11)
It is the shape of the function f(q), see Eq. (5), that
gives a finite physical observable, as we will explain in
Section VA. Here q is the effective momentum for tensor
modes, defined by q2 = k2−3. While for scalar modes the
presence of this function f(q) in the primordial spectrum
becomes irrelevant for observations, for tensor modes the
slope of the function at q = 0 is an important ingredient
in the final value of the predicted power spectrum at low
multipoles [28].
Note that the above spectra have been obtained un-
der the small backreaction approximation. Immediately
after nucleation, the scalar and tensor modes have been
assumed to evolve in a nearly de Sitter spacetime. This
assumption is reasonably fulfilled in the models consid-
ered in this paper, but in models where the inflaton moves
initially very fast, the infrared end of the spectrum may
be slightly different [23].
B. Supercurvature and bubble-wall modes
Apart from the usual continuum (q2 ≥ 0) of scalar and
tensor modes, generalized to an open Universe, in single-
bubble inflationary models there is a new type of quan-
tum fluctuations, which basically account for the com-
bined effect of fluctuations generated during the false
vacuum dominated era which penetrate the bubble, as
well as excitations of the slow roll field generated by the
accelerated growth of the bubble. These modes are dis-
crete modes, which appear in particular when the mass
of the scalar field in the false vacuum is smaller than the
rate of expansion, m2 < 2H2. The supercurvature mode
was first postulated in Ref. [10], from purely mathemati-
cal arguments related to homogeneous Gaussian random
fields in spatially open universes. Only later did con-
crete models of single-bubble open inflation [11,12] show
its existence in the primordial spectrum of scalar fluctua-
tions. These modes are characterized by having an imag-
inary effective momentum (or equivalently, k2 < 1), and
therefore describe fluctuations over scales larger than the
curvature scale, whence its name of supercurvature mode
[remember than the curvature scale corresponds to the
eigenmode with eigenvalue k2 = 1, q2 = 0].
The amplitude of the supercurvature mode (for the
usual two-field models like the ones described by (60),
see below) is found to be [12,27] *
〈|RΛ|2〉 = π2A2SC , (12)
where
A2SC =
κ2
ǫ
(HF
2π
)2
= A2S
2H2F
H2T
, (13)
whith A2S given by Eq. (3).
However, this is not the only discrete supercurvature
mode possible in single-bubble models. As realized in
Refs. [13–15], there are also scalar fluctuations of the
bubble wall with k2 = −3, q2 = −4, which could in prin-
ciple have its imprint in the CMB anisotropies. Their
amplitude was computed in Refs. [15,16], based on field
theoretical arguments:
〈|RW |2〉 = 4π2A2W . (14)
Here
A2W =
κ2
2z
(HT
2π
)2
= A2S
ǫ
z
, (15)
where z is given by Eq. (7) and A2S is the scalar ampli-
tude (3). Such modes contribute as transverse traceless
curvature perturbations [15,14], which nevertheless be-
have as a homogeneous random field [17]. It was later
realized [19] that the bubble-wall fluctuation mode is ac-
tually part of the tensor primordial spectrum, once the
gravitational backreaction is included, so we should not
consider it as a new source of anisotropies if the tensor
mode is properly taken into account.
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IV. QUASIOPEN INFLATION
All single-field models of open inflation predict the
above primordial spectra of anisotropies: a continuum of
scalar and tensor modes and the (possible) discrete su-
percurvature modes. However, as mentioned in the intro-
duction, it is difficult to construct such models without a
certain amount of fine-tuning [9], and thus multiple-field
models were considered [9,24–26]. In these models, one
field σ would do the tunneling while inside the bubble a
second field φ would drive slow-roll inflation. However, a
large class of two-field models do not lead to infinite open
Universes, as was previously thought, but to an ensem-
ble of very large but finite inflating ‘islands’. The most
probable tunneling trajectory corresponds to a value of
the inflaton field at the bottom of its potential; large val-
ues, necessary for the second period of inflation inside
the bubble, only arise as localized fluctuations. These
fluctuations are provided precisely by the supercurvature
modes of the slow-roll field φ, which due to their long
wavelength can create large regions of size larger than
the hubble radius where the field is coherent and thus
can drive inflation. The interior of each nucleated bubble
will contain an infinite number of such inflating regions
of co-moving size of order γ−1, where γ ≪ 1 is given by
the supercurvature eigenvalue γ = 1 + q2 ≡ 1 − Λ2 (this
in turn depends on the parameters of the model, see be-
low). We may happen to live in one of those patches of
co-moving size d ≤ γ−1, where the Universe appears to
be open. This scenario was recently discussed in Ref. [21].
Here we will give a brief account of the main results.
After tunneling in the σ-field direction, there remains
in the φ-field (inflaton) direction a semiclassical dis-
placement characterized by a Gaussian distribution† with
r.m.s. amplitude f , where
f2 ≡ 〈φ2(t0)〉 ≈ H
2
F
(2π)2γ
(16)
If f is sufficiently large (for a power law potential this
means f ∼MPl, whereas for the open hybrid model [26],
a much smaller f would do), then the fluctuations of
the field φ will make inflation generic inside the bubble.
However, regions of size r ∼ γ−1 with large positive φ
will be separated from regions with large negative φ by
non-inflating regions where φ is small.
†Here, and for the rest of the paper, we make the assumption
that the slow-roll field does not affect the geometry outside
the bubble (which we take to be de Sitter space). If the slow
roll field has a mass outside the bubble, then its quantum
fluctuations will drive it to large values where its potential
energy substantially modifies the local expansion rate. This
may have an effect on the distribution of the field inside the
bubble, which requires further investigation.
In many models, however, the r.m.s. fluctuation f is
much smaller than the field value needed for inflation.
Then, most of the hypersurface t = t0 ∼ H−1 inside the
bubble will not be inflating, leading to empty space with
no galaxies. On the other hand, inflating regions will still
arise as localized “rare” fluctuations, with exponentially
suppressed probability
P ∝ exp(−φ2/2f2), (17)
where φ ∼ MPl. High peaks of a random Gaussian field
tend to be spherical. If we choose the origin of coordi-
nates on the t = const hyperboloid to be at the center
of the island, then the profile of the field as we move
outwards is given by the l = 0 supercurvature mode [see
Equation (A4)], normalized to the value φc at the center
of the bubble [21],
φγl=0 = φc(t)
sinh(Λr)
Λ sinh r
. (18)
The r.m.s. amplitude of the remaining l > 0 supercur-
vature modes, which would account for departures from
sphericity, is much smaller, of order γ1/2f ≪ f ≪ φ(t0).
Let us concentrate on one of these inflating regions.
The initial value of φc determines how many e-foldings
of inflation the center of the island will undergo, and
hence the value of Ω0 that an observer in that region
would measure after inflation, at a given CMB tem-
perature. For the sake of illustration, let us assume
that this observer measures Ω0 = 0.5 at the time when
TCMB = 2.728 K. Also, let us take γ = 10
−4. For
r ≪ γ−1 ∼ 104 the field on a t = const slice will decrease
very slowly with distance as we move away from the cen-
ter. Note that at large distances from the center r ≫ 1
we have φγ ∝ exp(−γr/2). Denoting by N the num-
ber of e-foldings of inflation and assuming a quadratic
potential (a similar argument can be made for the hy-
brid model), we have δN/N ≈ 2δφ/φ. Using the relation
2δN = [Ω0(Ω0 − 1)]−1δΩ0, we find that observers out to
a distance r ∼ 10 would measure a very similar density
parameter, which differs from the one at the center only
by δΩ0 ≈ Ω0(Ω0 − 1)Nγr <∼ 10−2. On the other hand,
for r ∼ γ−1 = 104 the universe will look rather empty,
and even if inflation proceeds there for a few e-foldings,
the density parameter would be too low for any galaxies
to form and for observers to develop.
Although the inflating region in the example above has
spherical symmetry around r = 0, it is clear that most
observers in that island will live at r ≫ 1. To them the
universe would look anisotropic. This effect was dubbed
“classical anisotropy” [20], and can be estimated as fol-
lows. After expansion of (18) for r ≪ γ−1, we can sep-
arate the t-dependent background from the t and r de-
pendent perturbation, φγl=0 = φc(t) + δφ, where
δφ = φc(t)
γ
8
(1− 4r coth r) ≈ −φc(t)γ
2
ln cosh r , (19)
the last expression being a very good approximation for
1≪ r ≪ γ−1. To describe the Universe from the point of
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view of an observer living at r = r0 ≫ 1, it is convenient
to change the coordinates (r, θ, φ) on the spacelike hyper-
boloid to a new set (r′, θ′, φ′) such that the point r = r0
is now the new origin of coordinates, r′ = 0. In that case,
we have cosh r = sinh r0 sinh r
′ cos θ′+cosh r0 cosh r
′, and
the field can be separated in the form φγl=0 = φ0(t)+δ0φ,
where φ0 ≈ φc(1− γr0/2) is the value of the field at the
location r0, which corresponds to a somewhat lower value
of Ω0 than that of the central region, and
δ0φ ≈ φ0(t)(γ/2) ln f(r′, θ′), (20)
with
f(r, θ) ≡ cosh r + sinh r cos θ . (21)
We can now evaluate the gauge invariant metric per-
turbation associated with this field fluctuation, which will
remain constant outside the horizon and will reenter dur-
ing the matter era with an amplitude
Φ =
3
5
HT δφ
φ˙0
=
3
5
AC ln f(r, θ) , (22)
where
AC =
3
2
H2T
m2T
γ ; γ =
2
3
m2F
H2F
+
1
8
H2FR
4
0(m
2
T −m2F ) . (23)
Here R0 is the radius of the bubble at tunneling (1), mF
andmT are respectively the masses of the inflaton field in
the false and in the true vaccuum, and γ was computed,
to order (HFR0)
4, in Ref. [21]. Note that in the case
of the simplest (uncoupled) two-field model [9], where
mT = mF , these expressions coincide with those given in
Ref. [20].
In deriving (20) we have concentrated in a single island
and we have assumed that we live far from the center,
at r ≫ 1. This seems to be a minimal “Copernican”
requirement, since in any island there are many more
observers far from the center than near it. Hence, we
should (at least) impose the constraint that the CMB
anisotropy induced by (22) should not exceed the obser-
vational bounds.
However, this is not the full story [22]. Let us note,
first of all, that the amplitude of the perturbation (20)
is proportional to φ0. Now, when the ensemble of all
possible islands that contain a particular value of φ0 is
considered, one finds that those values of φ0 for which
(20) would be larger than the perturbation caused by the
usual supercurvature modes will occur typically near the
center of the islands (see Appendix B). Hence, those are
rather unlikely values of φ0 for us to observe. Therefore it
seems reasonable to impose not only that the anisotropy
(22) should not exceed the observational bounds, but also
that it should not exceed the anisotropy created by the
l > 0 supercurvature modes.
These considerations naturally lead to the question of
what are the most likely values for φ0 or what is the most
probable value of Ω0 in a given model. The probability
distribution for Ω0 in models of quasiopen inflation was
studied in Ref. [22]. Stronger constraints on the mod-
els can be obtained from this probability distribution in
combination with CMB constraints. These will be dis-
cussed in Section VII.
V. CMB TEMPERATURE ANISOTROPIES
Quantum fluctuations of the inflaton field φ during in-
flation produce long-wavelength scalar curvature pertur-
bations and tensor (gravitational waves) perturbations,
which may leave their signature in the CMB tempera-
ture anisotropies, when they re-enter the horizon. Tem-
perature anisotropies are usually given in terms of the
two-point correlation function or power spectrum Cl, de-
fined by an expansion in multipole number l. We are
mainly interested in the large-scale (low multipole num-
ber) temperature anisotropies since it is there that grav-
itational waves and the discrete modes could become im-
portant. After l ∼ 50, the tensor power spectrum drops
down [40,41] while the density perturbation spectrum in-
creases towards the first acoustic peak, see Ref. [42]. On
these large scales the dominant effect is gravitational red-
shift via the Sachs–Wolfe effect [43].
A. Scalar and tensor anisotropies
The Sachs-Wolfe effect for scalar perturbations with
adiabatic initial conditions, like those present here, is
given by [43]
δT
T
(θ, φ) =
1
3
Φ(0)Q(η0, θ, φ)
+ 2
∫ η0
0
drΦ′(η0 − r)Q(r, θ, φ) , (24)
where η0 = cosh
−1(2/Ω0 − 1) is the present conformal
time and, to very good approximation, also the distance
to the last scattering surface (ηLSS ≈ 0). Here Q(r, θ, φ)
stands for the spatial dependence of the fluctuation [28].
The second term accounts for integration along the line
of sight, and is important in an open universe, since the
metric perturbation Φ evolves in time after reentering the
horizon, Φ(η) = ΦLS F (η), where ΦLS is the value of the
perturbation at the moment of last scattering and
F (η) ≡ 5sinh
2 η − 3η sinh η + 4(cosh η − 1)
(cosh η − 1)3 , (25)
normalized so that F (0) = 1 at last scattering, ηLSS = 0.
One can always expand the temperature anisotropy
projected on the sky in spherical harmonics,
δT
T
(θ, φ) =
∞∑
l=1
l∑
m=−l
alm Ylm(θ, φ) , (26)
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FIG. 1. Window functions for the scalar (top figure) and
tensor (bottom figure) CMB power spectra, for the first few
multipoles, l = 2, 4, 6, 8, 10 (from top-left to bottom-right),
for Ω0 = 0.4. Note that the scalar window function Wql goes
to 0 as q → 0, whereas the tensor window function Iql remains
finite in this limit. It is for this reason that the shape of the
function f(q) is very important for the tensor but not much
for the scalar component of temperature anisotropies.
where the coefficients alm can be obtained from
alm =
∫
dΩY ∗lm(θ, φ)
δT
T
(θ, φ) . (27)
Perturbations generated during inflation have generi-
cally Gaussian statistics since they arise from linearized
quantum fluctuations. As a consequence, one can char-
acterize the temperature anisotropies just with the two-
point correlation function, or angular power spectrum,〈
δT
T
(nˆ) · δT
T
(nˆ′)
〉
nˆ·nˆ′=cos θ
=
∞∑
l=1
2l + 1
4π
ClPl(cos θ) ,
(28)
where (2l + 1)Cl =
∑l
m=−l〈|alm|2〉, brackets indicating
averages over different realizations.
The scalar and tensor components of the temperature
power spectrum can be computed as
DSl ≡ l(l + 1)CSl = l(l+ 1)
∫ ∞
0
dq 〈|R(q)|2〉W 2ql , (29)
DTl ≡ l(l+ 1)CTl = l(l + 1)
∫ ∞
0
dq 〈|h(q)|2〉 I2ql , (30)
where Wql and Iql [28] are the corresponding window
functions ‡,
Wql =
1
5
Πql(η0) +
6
5
∫ η0
0
drF ′(η0 − r)Πql(r) (31)
Iql =
∫ η0
0
drG′q(η0 − r)Gqlrr(r) , (32)
which depend on the particular value of Ω0. Here, the
function Gq(η) is given by [18,28]
Gq(η) = 3
sinh η sin qη − 2q cos qη(cosh η − 1)
q(1 + 4q2)(cosh η − 1)2 . (33)
We have plotted these functions in Fig. 1 for a typical
value, Ω0 = 0.4, and the first few multipoles. The scalar
window functions Wql grow as a large power of q at the
origin, so that the scalar power spectrum is rather insen-
sitive to the ‘hump’ in the function f(q), as mentioned
above. On the other hand, the tensor window functions
Iql remain finite at q = 0, and only the linear depen-
dence of f(q) at the origin prevents the existence of the
infrared divergence found in [39]. Furthermore, since the
functions I2ql are not negligible near the origin, the ten-
sor power spectrum turns out to be very sensitive to the
‘hump’ in the spectral function f(q).
The ratio of tensor to scalar contribution to the tem-
perature power spectrum is a fundamental observable in
standard inflation, which depends on the slow-roll pa-
rameters (9) and provides a consistency check of the the-
ory [38]. In single-bubble open inflation, such a ratio
depends not only on the slow-roll parameters but also on
the tunneling parameters (2) and on the value of Ω0, see
Ref. [28]:
Rl =
CTl
CSl
≃ fl(Ω0, a, b) [1− 1.3(nS − 1)] 16 ǫ . (34)
In the ideal case in which the gravitational wave pertur-
bation may be disentangled from the scalar component
in future precise observations of the CMB power spec-
trum [44–48], it might be possible to test this relation for
a given value of Ω0. This would constitute a check on the
tunneling parameters a and b. Such prospects are, how-
ever, very bleak from measurements of the temperature
power spectrum alone, with the next generation of satel-
lites, see e.g. [49,45]. One can at most expect, from the
absence of a significant gravitational-wave contribution
‡The eigenfunctions Πql for the subcurvature modes, Π¯Λ,l(r)
for the supercurvature (q = iΛ, 0 > Λ > 1) and bubble wall
(Λ = 2) modes (below), and Gqlrr for the tensor modes can be
found in the Appendix A.
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FIG. 2. CMB power spectrum l(l + 1)Cl/A
2, normalized
to the corresponding amplitude, for the supercurvature and
bubble-wall fluctuations, as a function of Ω0, for the first few
multipoles l = 2, 3, ...6 Note the dip in the supercurvature
power spectrum at different values of Ω0 for different multi-
poles, due to accidental cancellations.
to the CMB, to impose constraints on the parameters of
the model. However, taking into account also the polar-
ization power spectrum, together with the temperature
data, one expects to do much better in the case of flat
models, see Refs. [50,47]. Hopefully similar conclusions
can be reached in the context of open models, and CMB
observations may be able to check the generalized con-
sistency relation (34) with some accuracy.
B. Supercurvature anisotropies
The supercurvature and bubble-wall modes also con-
tribute to the temperature power spectrum. The super-
curvature mode’s contribution to the CMB anisotropies
can be written as
DSCl ≡ l(l + 1)CSCl = π2A2SC l(l+ 1)W¯ 2Λ,l , (35)
with the window function
W¯Λ,l =
1
5
Π¯Λ,l(η0) +
6
5
∫ η0
0
drF ′(η0 − r)Π¯Λ,l(r) , (36)
and the amplitude A2SC is given by eq. (13)
The bubble wall mode’s contribution to the CMB
anisotropies can be written as
DWl ≡ l(l+ 1)CWl = 4π2A2W l(l + 1)W¯ 22,l , (37)
where the window function is given by Eq. (36) for Λ = 2,
and the amplitude A2W is found in Eq. (15)
Their contribution is plotted in Figs. 2 and 3, nor-
malized to the corresponding amplitude, see Eqs. (13),
(15) and (23), as a function of Ω0 for the first few multi-
poles. Note the dip in the spectrum at certain values of
Ω0 due to accidental cancellations [25,26,28] between the
intrinsic and integrated Sachs-Wolfe effects. This does
not affect the bounds, since higher multipoles will fill
in those gaps. The relative importance of the different
components of the power spectrum is crucial in order to
derive bounds on the model parameters. We have plot-
ted in Fig. 4 the quadrupole and tenth multipole of the
CMB power spectrum for each mode, normalized to their
corresponding amplitudes.
C. Classical anisotropies
We will concentrate here on the anisotropies asso-
ciated with quasiopenness, the classical temperature
anisotropies. In that case, Eq. (24) can be written as
δT
T
(θ) =
1
5
AC ln f(η0, θ)
+
6
5
∫ η0
0
dr F ′(η0 − r)AC ln f(r, θ) . (38)
Expanding in spherical harmonics (26), we can write
alm as (27). In our case, since the temperature anisotropy
(38) only depends on θ, we find
alm =
[
2l+ 1
4π
]1/2
2π
∫
dθ sin θ Pl(cos θ)
δT
T
(θ) δm0 (39)
≡ al0 δm0 . (40)
It implies that the coefficients Cl satisfy, in this case,
(2l + 1)CCl =
l∑
m=−l
〈|alm|2〉 = 〈|al0|2〉 . (41)
Therefore, we find that the power spectrum associated
with the classical anisotropies (22) can be computed as
DCl ≡ l(l+ 1)CCl = π A2C l(l + 1)W 2l , (42)
Wl ≡
∫ pi
0
dθ sin θ Pl(cos θ)
[1
5
ln f(η0, θ)
+
6
5
∫ η0
0
dr F ′(η0 − r) ln f(r, θ)
]
. (43)
We have plotted this expression in Fig. 3, as a function
of multipole number l, for various values of Ω0; and as
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FIG. 3. CMB power spectrum l(l + 1)CCl , normalized to
the corresponding amplitude A2C , for the semi-classical fluc-
tuations, as a function of Ω0, for the first few multipoles
l = 2, 3, ...7, and as a function of multipole number l, for
Ω0 = 0.3− 0.9. Note the dip in the semi-classical power spec-
trum at different values of Ω0 for different multipoles, due to
accidental cancellations.
a function of Ω0, for the first few multipoles. As can be
appreciated from the figure, the window functions for the
semiclassical mode for a given l are proportional to the
corresponding ones for the supercurvature modes. This
was expected since, as mentioned in Section IV and in
Appendix B, the quasiopen island can be thought of as
a superposition of supercurvature modes.
D. Bounds from CMB anisotropies
From the 4-year Cosmic Background Explorer (COBE)
maps [30], the overall amplitude and tilt of the CMB
temperature power spectrum at small multipole number
have been determined with some accuracy for Ω0 ≃ 1 [51][
l(l + 1)Cl
2π
]1/2
= (1.03± 0.07)× 10−5 , (44)
n = 1.02± 0.24 . (45)
For an open Universe, Bunn and White gave a compact
expression [52]
AS = 4.9× 10−5 Ω0
g(Ω0)
Ω
−0.35−0.19 lnΩ0−0.17(nS−1)
0
× exp[−(nS − 1)− 0.14(nS − 1)2] , (46)
where g(Ω)/Ω = 5/2(1+Ω/2+Ω4/7)−1 is a fitting func-
tion to the suppression in the growth of scalar pertur-
bations in an open universe relative to the critical den-
sity universe [53], and it was assumed that only the
scalar component contributed significantly to the CMB
anisotropies. Under this assumption, one can deduce the
following constraints, for a scale invariant spectrum, see
Refs. [28,21],
HT√
ǫMPl
=
√
πAS ≈ 9× 10−5 , (47)
HF
HT
<
√
DSl /A
2
S
2DSCl /A
2
SC
≈ 3 , (48)
ǫ
z
<
DSl /A
2
S
DWl /A
2
W
≈ 0.6 , (49)
AC <
√
DSl /A
2
S
DCl /A
2
C
AS ≈ 3× 10−4 , (50)
where the approximations are valid through the range
0.4 <∼ Ω0 <∼ 0.9, for the quadrupole, see Fig. 5. The
third expression accounts for both the tensor and the
bubble-wall constraints, since the bubble-wall fluctuation
is actually part of the tensor spectrum [19] and gives the
largest contribution at low multipoles. The constraints
coming from higher multipoles are significantly weaker,
see Fig. 4. One could argue that the quadrupole is going
to be hidden in the cosmic variance [48] and thus only
the constraints at higher multipoles, say l > 2, should be
imposed. However, polarization power spectra may one
day be used to get around cosmic variance [54] and we
may be able to extract information about the scalar and
tensor components at low multipoles. We will therefore
take the conservative attitude that consistent models of
open inflation should satisfy the bounds coming from the
first few multipoles, as long as they do not exceed the
associated cosmic variance.
The bounds (47)-(50) are Ω0-dependent. For values of
(1 − Ω0) ≪ 1 analytic expressions for the temperature
anisotropy can be found as a power series in (1−Ω0). In
the limit Ω0 → 1, the scalar and the tensor contribution
remain finite, whereas the supercurvature and the semi-
classical anisotropies vanish, as can be seen from Fig. 4.
Due to this fact, in the limit Ω0 → 1, the bounds (48)-
(50) disappear and put no constraint on the parameters
of the models. The scalar contribution in this limit is
found to be given by [28]
CSl =
2πA2S
25
Γ(3/2)Γ((3− nS)/2)Γ(l+ (nS − 1)/2)
Γ(2 − nS/2)Γ(l+ 2− (nS − 1)/2) .
(51)
Hereafter we will restrict ourselves to the scale invariant
case, nS = 1. Then equation (51) reduces to the well
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FIG. 4. Quadrupole (top figure) and tenth multipole (bot-
tom figure) of the CMB power spectra, normalized to the cor-
responding amplitude, l(l+1)Cl/A
2, for the tensor, scalar, su-
percurvature, bubble-wall and semi-classical primordial spec-
tra. We are assuming here the minimal contribution from
tensors (a = 0, b = 1).
known result DSl = 2πA
2
S/25. In the limit Ω0 → 1, the
tensor contribution can be expressed as [40]
DTl =
πA2T
36
(
1 +
48π2
385
)
Bl , (52)
where Bl = (1.1184, 0.8789, . . .), for l = 2, 3, . . ., which
approaches Bl = 1 for large multipoles (l ∼ 10) and then
decays to zero after l ∼ 50.
For the supercurvature and semiclassical temperature
anisotropies, expanding Π¯ql(η0) and f(η0, θ) in powers of
η0 ≈ 2(1 − Ω0)1/2, it is easily seen that the contribution
to the corresponding window functions of the Integrated
Sachs-Wolfe effect is suppressed by an extra power of
(1 − Ω0) with respect to the intrinsic Sachs-Wolfe con-
tribution. Taking this into account, the leading contri-
bution to the temperature anisotropy is given by the fol-
lowing expressions:
DSCl =
π2A2SC
100
Γ(l + 2)2
Γ(l + 3/2)2
(1− Ω0)l , (53)
DWl =
π2A2W
25
Γ(l + 2)Γ(l+ 3)
(l − 1)Γ(l + 3/2)2 (1 − Ω0)
l , (54)
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FIG. 5. This figure shows the bounds (47)–(50) as a func-
tion of Ω0. The dotted-dashed line corresponds to the actual
constraint on the scalar component, (HT /
√
ǫMPl)× 105 for a
scale invariant scalar spectrum. The rest are upper bounds,
on HF /HT (solid line), on AC×104 (dashed line), and on ǫ/z
(dotted line). As can be seen, for Ω0 ≃ 1, the upper bounds
are not very restrictive.
DCl =
π2A2C
25
Γ(l + 2)Γ(l + 1)
lΓ(l + 3/2)2
(1− Ω0)l . (55)
Better approximations can be found by just including
more terms in the expansions of Π¯ql(η0) and f(η0, θ),
but this will suffice for our purposes.
Then, for values of (1 − Ω0)≪ 1, the bounds read
HF
HT
<∼
0.625
(1 − Ω0) (56)
ǫ
z
<∼
0.044
(1− Ω0)2 (57)
AC <∼
5.3× 10−5
(1− Ω0) . (58)
The error commited using this approximation is around
5% for the supercurvature and semiclassical bounds for
values of Ω0 ≈ 0.8, and less than 10% for the bubble wall
bound and values of Ω0 ≈ 0.9.
VI. MODEL BUILDING
In this section we will review the different single-bubble
open inflation models present in the literature, and use
the CMB observations to rule out some of them and
severely constrain others. We will see that open infla-
tion models could be as predictive as ordinary inflation,
in the sense that they also can be ruled out if they are in
conflict with observations.
A. single-field models
As mentioned in Section 2, single-field models of open
inflation [8] require some fine-tuning in order to have
9
a large mass for successful tunneling and a small mass
for slow-roll inside the bubble [9]. Even if such a model
can be constructed from particle physics, it still needs to
satisfy the constraints coming from observations of the
CMB anisotropies. In the thin wall regime, these models
lack both supercurvature modes [12] and semi-classical
anisotropies, by construction. However, in some cases,
they produce too large tensor anisotropies at low multi-
poles [28], where they are dominated by the bubble-wall
fluctuations.
Let us analyse a typical example, which is a variant
of the new inflation type [8]. The potential is a quartic
double well, to which a double barrier has been added
near the origin. Tunneling occurs from a symmetric
phase at σ = 0 to a value σb from which the field slowly
rolls down the potential towards the symmetry break-
ing phase at σ = v ∼ MGUT ∼ 1015 GeV. The fact
that we have a finite number of e-folds, Ne = 60, re-
quires σb ∼ v exp(−αNe) ≪ v, where α ≃ m2T /3H2T .
The rate of expansion in the true vacuum is of the order
of that in the false vacuum, HT ≃ (8πV (0)/3M2Pl)1/2 ∼
3×10−6MPl, which implies ǫ ∼ 10−3, for agreement with
CMB anisotropies. Choosing a typical mass in the false
vacuum to be M ∼MGUT, we find
bsingle ≃
( σb
MPl
)2 M
HT
∼ 5× 10−9 , (59)
which gives z ∼ 2b ∼ 10−8, an extremely small number
that makes it impossible to satisfy the bubble-wall con-
straint, ǫ < z, see Eq. (49). In other words, the simplest
single-field models of open inflation [8] are not only fine-
tuned but actually produce too large gravitational-wave
anisotropies in the CMB on large scales to be consistent
with observations. The reason for that is that in a new
inflation type potential, slow roll has to begin very close
to σ = 0 in order to have sufficient inflation. However,
this does not leave much room for a sufficiently thick
barrier.
Linde has recently proposed a new single-field open in-
flation model [55] in which the two different mass scales
needed for tunneling and for slow-roll can coexist. This
is basically a quadratic potential, where a barrier is ap-
pended at φ ∼ 3MPl. Although the model is somewhat
ad hoc from the point of view of particle physics, there
is in principle the possibility of making the barrier suf-
ficiently thick, so that the bubble wall fluctuations will
not be important. This model has specific signatures of
its own [55,56].
B. Coupled and uncoupled two-field models
In this section we shall consider a class of two-field
models [9] with a potential of the form
V (σ, φ) = V0(σ) +
1
2
m2φ2 +
1
2
g2σ2φ2. (60)
Here V0 is a non-degenerate double well potential, with a
false vacuum at σ = 0 and a true vacuum at σ = v. When
σ is in the false vacuum, V0 dominates the energy den-
sity and we have an initial de Sitter phase with expansion
rate given byH2F ≈ 8πV0(0)/3M2Pl. Once a bubble of true
vacuum σ = v forms, the energy density of the slow-roll
field φ may drive a second period of inflation. However,
as pointed out in Ref. [9], the simplest two-field model of
open inflation, given by (60) with g = 0 and m 6= 0, i.e
the uncoupled two-field model, is actually a quasi-open
one; this is so because equal-time hypersurfaces, defined
by the σ field after nucleation, are not synchronized with
equal-density hypersurfaces, determined by the slow-roll
of the φ field during inflation inside the bubble. In order
to suppress this effect it was argued [9] that a large rate
of expansion in the false vacuum with respect to the true
vacuum, HF ≫ HT , could prevent the φ field from rolling
outside the bubble and distorting the equal-density hy-
persurfaces inside it. However, this would induce [27] a
large supercurvature mode anisotropy in the CMB, which
would be incompatible with observations. A careful anal-
ysis [20,21] shows that indeed the effect is important at
low multipoles. In this model, mF = mT = m, the su-
percurvature eigenvalue γ = 2m2F /3H
2
F , and in order to
satisfy (50) it requires
HF
HT
>
(DCl /A2C
DSl /A
2
S
)1/4 1√
AS
≈ 60 , (61)
which is incompatible with the supercurvature constraint
HF
HT
<
( DSl /A2S
DSCl /A
2
SC
)1/2 1√
2
≈ 3 . (62)
On the other hand, for values of Ω0 >∼ 0.9, combining the
bounds (56) and (58) we find that
137 (1− Ω0)1/2 <∼
HF
HT
<∼ 0.6 (1− Ω0)−1, (63)
which cannot be satisfied unless Ω0 >∼ 0.97, see Fig. 6.
Therefore, this model seems to be ruled out for Ω0 <∼
0.97.
In order to construct a truly open model, Linde and
Mezhlumian suggested taking m = 0 and g 6= 0, i.e. the
coupled two-field model [9]. In this way, the mass of the
slow-roll field vanishes in the false vacuum, and it would
appear that the problem of classical evolution outside
the bubble is circumvented. However, as we showed in
Ref. [21], this is not exactly so, and actually the whole
class of models (60) leads to quasi-open Universes, which
are constrained by CMB observations. Let us work out
those constraints in detail here. We will assume a tun-
neling potential like [9]
V0(σ) = V0 +
1
2
M2σ2 − αMσ3 + 1
4
λσ4 . (64)
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FIG. 6. Constraints on HF/HT due to supercurvature
and semiclassical fluctuations in the uncoupled open inflation
model. The region above the dashed line (due to supercurva-
ture fluctuations) and below the solid line (due to semiclas-
sical fluctuations) is excluded by observations. The region
allowed by observations (the small corner to the right of the
picture) leaves only values of Ω0 that are very close to 1.
For simplicity we will take α =
√
λ. Then the field
can tunnel for φ < φc = M/g, when the minimum of
the potential at σ 6= 0 is deeper than the minimum at
σ = 0. The constant V0 ≃ 2.77M4/λ has been added
to ensure that the absolute minimum, at φ = 0 and
σ0 ≃ 1.3 σc, has vanishing cosmological constant. Here
σc is the minimum for φ = φc. After tunneling, the field
φ moves along an effective potential V (φ) = m2Tφ
2/2,
where the effective mass varies only slightly from tun-
neling to the end of inflation, mT ≃ 1.3 gσc. This po-
tential drives a period of chaotic inflation with slow-roll
parameters ǫ = η = 1/2Ne ≃ 1/120. Substituting into
(47) we find HT = 6.3mT ≃ 8 × 10−6MPl, and there-
fore gσc = 10
−6MPl. The rate of expansion in the false
vacuum is determined from H2F /H
2
T = 1 + 4ab, where
b = (4π
√
2/3λ)M3/HTM
2
Pl, which gives
M =
(1 + 4ab)1/2
4b
HF ≥
√
2HF , (65)
the last condition arising from preventing the formation
of the bubble through the Hawking–Moss instanton, see
Ref. [9]. Furthermore, taking mF = 0 in the equation
(23) for the eigenvalue γ gives
AC =
3
16
H2F
H2T
(R0HT )
4 =
3(1 + 4ab)
16[1 + (a+ b)2]2
< 3× 10−4 .
(66)
From the supercurvature mode condition (48), (1 +
4ab)1/2 < 3, together with (65) we find the constraint
b < 1/2. From Eq. (66), we realize that having nearly
degenerate vacua, a ≪ 1, is not compatible with obser-
vations. Satisfying (66) would require b≪ 1 and a≫ 1.
However, for these values of the parameters we expect
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FIG. 7. The complete angular power spectrum of tem-
perature anisotropies for the coupled two-field model with
Ω0 = 0.4 (higher plot) and Ω0 = 0.8 (lower plot), for
(a = 10, b = 0.2). We have chosen as cosmological param-
eters h = 0.70, ΩB = 0.05, ΩΛ = 0, Nν = 3.04. We show
the individual contributions from the scalar (S), tensor (T),
supercurvature (SC), semi-classical (C) and bubble-wall (W)
modes. Note that the bubble-wall mode is responsible for
the large growth of the tensor contribution at low multipoles.
Only the scalar modes remain beyond about l = 50, where
they grow towards the first acoustic peak. For comparison,
we have superimposed the available CMB anisotropy data, as
compiled by Tegmark [58]
large tensor contributions, see Refs. [28,57] (unless of
course Ω0 is sufficiently close to one.) So there should
be a compromise between the different mode contribu-
tions.
We have shown in Fig. 7 the complete temperature
power spectrum for a coupled two-field model having
a = 10 and b = 0.2, for Ω0 = 0.4 and Ω0 = 0.8,
which are consistent with observations. It has contribu-
tions from all the modes: scalar, tensor, supercurvature,
semi-classical and bubble-wall. Note, however, that the
bubble-wall mode is in fact included in the sharp growth
of the tensor contribution at small multipole number, as
emphasized in Ref. [19] and shown explicitly in Fig. 7,
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FIG. 8. Constraints on R0HT due to supercurvature and
semiclassical fluctuations in the supernatural open inflation
model. The region below the solid line (due to supercurvature
fluctuations) and above the dashed line (due to semiclassical
fluctuations) is excluded by observations. The region allowed
by observations (the small corner to the right of the picture)
leaves only values of Ω0 that are very close to 1.
and should not be counted twice. Although it is in prin-
ciple possible to construct a model consistent with ob-
servations, the parameters of such a model are not very
natural. In order to suppress the associated semi-classical
anisotropy we had to choose special values of the param-
eters. As can be seen from Fig. 7, there still exists a
range of parameters for which all contributions to the
CMB anisotropies are compatible with present observa-
tions. However, future observations by MAP and Planck
surveyor will help constrain or even rule out such models.
C. Supernatural open inflation
This model consists of a complex scalar field with a
slightly tilted Mexican hat potential, where the radial
component of the field does the tunneling and the pseudo-
Goldstone mode does the slow-roll. This model was
called “supernatural” inflation in Ref. [9], because the
hierarchy between tunneling and slow-roll mass scales
is protected by an approximate global U(1) symmetry.
Expanding the field in the form Φ = (σ/
√
2) exp(iφ/v),
where v is the expectation value of σ in the broken phase,
we consider a potential of the form V = V0(σ)+V1(σ, φ),
where V0 is U(1)-invariant and V1 is a small perturbation
that breaks this invariance. It is assumed that V has a
local minimum at Φ = 0, which makes the symmetric
phase metastable. We shall consider a tilt in the poten-
tial of the form V1 = Λ
4(σ)G(φ), where Λ is a slowly
varying function of σ that vanishes at σ = 0. For defi-
niteness we can take G = (1− cosφ/v). The idea is that
σ tunnels from the symmetric phase σ = 0 to the bro-
ken phase σ0 = v, landing at a certain value of φ away
from the minimum of the tilted bottom. Once in the
broken phase, the potential V1 cannot be neglected, and
the field φ slowly rolls down to its minimum, driving a
second period of inflation inside the bubble. Depending
on the value of φ on which we end after tunneling, the
number of e-foldings of inflation will be different.
As in the two field model, the soft mode which cor-
responds to a change in the value of φ after tunneling
manifests itself as a supercurvature mode which leads to
quasiopen inflating islands. For the generic potential
V1(φ) = Λ
4
(
1− cos φ
v
)
, (67)
we find the slow-roll parameters
ǫ =
1
2κ2v2
cot2
φ
2v
≪ 1 , (68)
η = ǫ − 1
2κ2v2
. (69)
From the constraint on the spectral tilt, nS − 1 =
−4ǫ−1/κ2v2 > −0.2, we find that, necessarily, κ2v2 > 5,
which means that the vev of σ is v ≃MPl. We are again
in a situation similar to the single-field models, where we
need some extreme fine-tuning to prevent the Hawking–
Moss instanton from forming the bubble, see Ref. [9]. In-
deed, for a generic tunneling potential like (64) we have
V0 ≃ M2σ20/2 and thus HF ≃ 2M σ0/MPl ≥ M . Un-
der this condition the tunneling does not occur along the
Coleman–DeLuccia instanton, which is necessary for the
formation of an open Universe inside the bubble. The
only way to prevent this is by artificially bending the po-
tential so that it has a large mass at the false vacuum.
In Ref. [9] a way was proposed to lower the minimum at
the center of the Mexican hat, using radiative corrections
from a coupling of the U(1) field Φ to another scalar χ.
For certain values of the coupling constant, g4 = 32πλ,
it is possible to make the two minima, at σ = 0 and σ0,
exactly degenerate. The tunneling potential is then
V0(σ) =
λ
2
(σ20 − σ2)σ2 + λσ4 ln
σ
σ0
, (70)
where σ0 = M/
√
λ ≃ MPl. The associated tunneling
parameters become a = 0 and b = (σ0/MPl)
2M/HT ≃
M/HT , which can be large. As emphasized in Ref. [21],
there is a supercurvature mode in this model, associated
with the massless Goldstone mode, which induces both
supercurvature and semi-classical perturbations. Be-
cause of the different normalization of the supercurva-
ture mode in supernatural inflation, HF → 2R−10 , the
supercurvature constraint (48) should read, in this case:
R0HT > 2
√
2
(DSCl /A2SC
DSl /A
2
S
)1/2
≈ 0.7 , (71)
which is not trivially satisfied, even for degenerate min-
ima. On the other hand, the eigenvalue γ = R20m
2
T /2 for
the Goldstone mode [21] induces a large semi-classical
perturbation (50) unless
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R0HT <
√
4AS
3
(DSl /A2S
DCl /A
2
C
)1/4
≈ 0.02 . (72)
It is clear that these two constraints cannot be accommo-
dated simultaneously. For values of Ω0 > 0.9, the bounds
give
3 (1− Ω0) <∼ R0HT <∼ 0.008 (1− Ω0)−1/2, (73)
which cannot be satisfied unless Ω0 >∼ 0.98, see Fig. 8.
Therefore, the model is incompatible with observations
for Ω0 <∼ 0.98.
D. Induced gravity open inflation
This model was proposed in Ref. [24] as a way of avoid-
ing the problems of classical motion outside the bubble.
The inflaton field is trapped in the false vacuum due to its
non-minimal coupling to gravity, with coupling ξ. When
the tunneling occurs it is left free to slide down its sym-
metry breaking potential V (ϕ) = λ(ϕ2 − ν2)2/8. The
expectation value of the inflaton at the global minimum
gives the Planck mass today: M2Pl = 8πξν
2. The model
is parametrized by α = 8UF /λν
4, which determines
the value of the stable fixed point in the false vacuum,
ϕ2st = ν
2(1+α), as well as the difference in the rates of ex-
pansion in the false and true vacua, H2F = H
2
T (1+α)/α,
and the slow-roll parameters, ǫ = 8ξ/(1 + 6ξ)α2, η =
8ξ (1 − α)/(1 + 6ξ)α2, see Ref. [25].
We will assume, for the σ field, a tunneling potential
of the type
U(σ) =
1
4
λ′σ2(σ − σ0)2 + µU0
[
1−
( σ
σ0
)4]
, (74)
where σ0 = M
√
2/λ′, U0 = M
4/4λ′ and µ ≪ 1 for
the thin-wall approximation to be valid. This potential
gives a tunneling parameter b = (2π/3λ′)M3/HTM
2
Pl,
which determines the relation between the mass of the σ
field in the false vacuum and the rate of expansion there,
M = HF (1+1/α)
1/2/µb. Thanks to µ≪ 1, we can have
M ≫ HF for values of b ≥ 1, which induces gravitational-
wave anisotropies that are well under control.
Furthermore, the induced gravity model seems to be
truly open, since the inflaton field ϕ is static in the false
vacuum and there is thus no supercurvature mode as-
sociated with classical motion outside the bubble, see
Ref. [21]. Therefore the constraint (50) does not apply,
and there exists for this model a range of parameters
for which all contributions to the CMB anisotropies are
compatible with observations, see Ref. [28]. However, the
instanton may not take you to ϕst in the true vacuum,
but to a different value, closer to the minimum of the
potential, ϕ = v. In that case, the number of e-folds is
smaller than expected, and so is the value of Ω0. Such ef-
fects should be taken into account for the determination
of the model parameters.
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FIG. 9. The complete angular power spectrum of temper-
ature anisotropies for the open hybrid model with Ω0 = 0.4
(higher plot) and Ω0 = 0.8 (lower plot), for (a = 6, b = 0.01).
The cosmological parameters are the same as in Fig. 7. We
show the individual contributions from the scalar, tensor, su-
percurvature, semi-classical and bubble-wall modes. Note
that the bubble-wall mode is responsible for the large growth
of the tensor contribution at low multipoles. Only the scalar
modes remain beyond about l = 50, where they grow towards
the first acoustic peak.
E. Open hybrid inflation
This model was proposed recently [26], in an attempt
to produce a significantly tilted scalar spectrum in the
context of open inflation, in order to be in agreement with
large scale structure [59]. It is based on the hybrid infla-
tion scenario [60,61], which has recently received some at-
tention from the point of view of particle physics [62–66],
together with a tunneling field that sets the initial con-
ditions inside the bubble.
In this model there are three fields: the tunneling field
σ, the inflaton field φ and the triggering field ψ. The
tunneling occurs as in the coupled model of Section VIB
with potential
13
U(σ, φ) = V0 +
λ
4
σ2(σ − σc)2 + 1
2
g2(φ2 − φ2c)σ2 + U0 ,
(75)
where σc = 2M/
√
λ, φc = M/g, V0 ≃ 2.77M4/λ,
to ensure that at the global minimum we have vanish-
ing cosmological constant, and U0 is the vacuum energy
density associated with the triggering field. We satisfy
V0 ≪ U0. If the σ field tunnels when φ = φT = 3φc/4,
then ∆U = UF − UT ≃ V0/2 ≃ m2Tφ2c/4. After that,
the inflaton field will slow-roll down the effective poten-
tial U = U0 + m
2
Tφ
2/2 ≃ U0 driving hybrid inflation,
until the coupling to ψ triggers its end. The model
is parametrized by α = m2T /H
2
T , see Refs. [26,28,57],
in terms of which the spectral tilts can be written as
nS − 1 = 2α/3 − 6ǫ and nT = −2ǫ. At tunneling we
can write V0 ≃ m2Tφ2c/2 = 8m2Tφ2T /9, so that the slow-
roll parameter ǫ = (α/3)9V0/16UT = 3αab/2, where
4ab = ∆U/UT ≃ V0/2UT , see (2), and thus
nS = 1 +
2α
3
(
1− 27ab
2
)
. (76)
In order for open hybrid models to have a large tilt, we
require both a large value of α and a small value of ab. As
we will show, this will be impossible given the constraints
(47–50) from the CMB. For that purpose, we should
first compute the tunneling parameters a = M/2HT
and b = (4π
√
2/3λ)M3/HTM
2
Pl ≃ (V0/4UT )HT /M =
2abHT/M . Since both HT < M and V0 ≪ UT , we ex-
pect a > 1 and b ≪ 1, which will induce large tensor
anisotropies at low multipoles. This is a generic feature
of open hybrid models. In order to satisfy the CMB con-
straints we require
H2F /H
2
T = 1 + 4ab
<∼ 10 , (77)
ǫ =
3αab
2
<∼
2b (0.6)
[1 + (a+ b)2]1/2
, (78)
AC =
3(1 + 4ab)
16[1 + (a+ b)2]2
<∼ 3× 10−4 , (79)
M =
2a
(1 + 4ab)1/2
HF > HF . (80)
Note that M2F ≈ 2M2 > 2H2F . Since a > 1 requires
b < V0/8UT ≪ 1, we can use the third constraint to
get the bound a > 5, which then imposes (through the
second constraint) that α <∼ 0.8/a(1 + a2)1/2 ≃ 1/a2 <
1/30. This means that the scalar tilt (76) cannot be
significantly larger than 1, as was the aim of Ref. [26].
We have plotted in Fig. 9 the complete angular power
spectrum of temperature anisotropies for the open hy-
brid model, in the case Ω0 = 0.4 and Ω0 = 0.8, for
(a = 6, b = 0.01). In order to prevent the tensor con-
tribution from exceeding the cosmic variance, we had to
reduce the scalar spectral tilt to n = 1.002, which is es-
sentially scale invariant and may not be sufficient to allow
consistency with the large-scale structure [59]. Further-
more, as we decrease in Ω0 it will be necessary for scalar
spectra to be closer and closer to scale invariance, in or-
der to reduce the tensor contribution. In any case, there
exists for this model a range of parameters for which all
contributions to the CMB anisotropies, see e.g. Fig. 9,
are compatible with observations, even for low values of
Ω0. Of course, as we approach Ω0 ≈ 1, it is much more
likely to accommodate the bounds.
VII. PROBABILITY DISTRIBUTION FOR Ω0
As mentioned in Section IV, stronger constraints on
two field models arise if we take into account the prob-
ability distribution for Ω0, which was considered in
Ref. [22]. Inside a given bubble, there will be observers
which will measure all possible values of Ω0, and the
probability for a given value of Ω0 is taken to be pro-
portional to the number of collapsed objects of galactic
size that would form in all regions with that value of
Ω0. This probability is the product of three competing
factors. One is the “tunneling” factor, which basically
corresponds to Eq. (17) and tends to suppress large val-
ues of φ0, favouring low values of Ω0. The other is the
“anthropic” factor, related to structure formation. The
formation of objects of galactic size is suppressed in a
low density universe, and so this factor favours large val-
ues of φ0. Finally, there is also a volume factor, taking
into account that longer inflation leads to more galaxies,
although for model parameters where this factor is dom-
inant, the probability distribution is sharply peaked at
Ω0 = 1.
We should emphasize that we are assuming that the
slow-roll field outside the bubble does not affect the ge-
ometry of de Sitter space. If, for instance, the Universe
outside the bubble is in a process of self-reproduction,
the probability distribution for Ω0 inside the bubble may
be affected. This issue requires further investigation.
With the above assumptions, it was found that, in
terms of the variable
x ≡
(
1− Ω0
Ω0
)
,
the logarithmic distribution W = dP/d lnx is peaked at
the value
xpeak ≈ κ−1
(
3
2
µ− 5
4
)1/2
, (81)
where κ ∼ 0.1 is a parameter related to structure forma-
tion, and µ is given by:
µ =
π2
6
R40V (φ0)ǫ =
1
16A2S [1 + ∆
2]2
. (82)
Near the peak value, the probability distribution W is
Gaussian, with r.m.s. given by
∆ lnx ∼ (6µ− 5)−1/2 (83)
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These expressions are valid for µ >∼ 1. For smaller values,
the peak is at x = 0, meaning that most observers will
see a flat universe. On the other hand, the value of µ
should not be too large, say µ <∼ 3, otherwise, from (81)
and (83), we would have lnxpeak >∼ 3 and ∆ lnx <∼ 0.3,
so the observed value, x ∼ 1, would be many standard
deviations away from the peak value.
Using AS ≈ 5 × 10−5, and Eqs. (77)–(78), we have
a ≈ (4ASµ1/2)−1/2, b <∼ 4.5A1/2S µ1/4 and
ǫ <∼ 10−3µ1/2. (84)
In the coupled model, ǫ ∼ 10−2 and this constraint is
not satisfied for µ <∼ 3. One possibility would be to in-
crease the value of the parameter µ, but then a value of
Ω0 >∼ 0.1 would be extremely unlikely. Thus, the cou-
pled model does not seem to accomodate well an inter-
mediate value of the density parameter 0.1 <∼ Ω0 <∼ 0.7,
and produce at the same time sufficiently small CMB
anisotropies. However, we must recall that for values of
Ω0 close to 1, the constraints from supercurvature and
bubble wall anisotropies are significantly reduced. The
constraints (77-78) can then be substituted by (56-57),
and (84) is replaced by
ǫ <∼ 4× 10−6(1 − Ω0)−4µ1/2.
Thus, for (1 − Ω0) ∼ 0.1, the constraints are satisfied
even for ǫ ∼ 10−2.
For the sake of illustration, let us take µ = 1. Then the
probability distribution for Ω0 is peaked in the interesting
range: all values 0.1 <∼ Ω0 <∼ 0.9 fall within one standard
deviation or so from the peak value and are not strongly
suppressed. This value of µ can be obtained by taking
a = 50 and, for instance, b = 0.08. Such values of a and
b would lead to unacceptably large supercurvature and
wall fluctuation anisotropies if we take, say Ω0 <∼ 0.8.
However, for Ω0 >∼ 0.85 we find that the anisotropies are
below the observational bounds (see Fig. 10). Therefore,
the coupled model is in good shape if the measured value
of Ω0 turns out to be not too far from 1. This is very
simple to understand: in that limit, all the effects of the
bubble wall are strongly suppressed.
This should be compared with the situation in Fig. 7.
There, the CMB map is acceptable even for Ω0 = 0.4.
However, with a = 10, we have µ ∼ 103. In this case the
peak value is at lnxpeak ≃ 6 and the standard deviation
is ∆ lnx ≈ 0.01. This means that the “measured” value
Ω0 = 0.4 used for that plot is formidably unlikely. For
those values of the parameters, most observers within the
same bubble would measure much smaller values of the
density parameter.
Finally, for the open hybrid model [26], the parameter
ǫ can be made as small as desired, and the condition (84)
can be easily satisfied. The reason is that in this model
the range of values of the inflaton field are well below
Planck scale and the probability distribution (17) easily
covers those values within one “standard deviation”.
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FIG. 10. The complete angular power spectrum of tem-
perature anisotropies for the coupled model (top panel) and
for the open hybrid model (bottom panel) with Ω0 = 0.85,
for (a = 50, b = 0.08). The cosmological parameters are the
same as in Fig. 7.
VIII. CONCLUSIONS
Single-bubble open inflation is an ingenious way of rec-
onciling an infinite open Universe with the inflationary
paradigm. In this scenario, a symmetric bubble nucle-
ates in de Sitter space and its interior undergoes a sec-
ond stage of slow-roll inflation to almost flatness. At
present there is a growing number of experiments study-
ing the CMB temperature anisotropies at fractions of
a degree resolution (corresponding to multipole ranges
l = 20 − 500), and they already put some contraints on
the spatial curvature of the universe. However, in the
near future, observations of the CMB anisotropies with
MAP and Planck will determine whether we live in an
open Universe or not with better than 1% accuracy. It is
therefore crucial to know whether inflation can be made
compatible with such a Universe. Single-bubble open in-
flation models provide a natural scenario for understand-
ing the large-scale homogeneity and isotropy, but most
importantly, they generically predict a nearly scale in-
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variant spectrum of density and gravitational wave per-
turbations. Future observations of CMB anisotropies
and large scale structure power spectra will determine
whether these models are still valid descriptions. For that
purpose, it is necessary to know the predicted spectrum
with great accuracy. In this paper we have explored the
CMB anisotropy spectrum for various models of single-
bubble open inflation. A host of features at low mul-
tipoles due to bubble wall fluctuations, supercurvature
modes and quasiopenness place significant constraints on
these models.
In particular, we find that the simplest uncoupled two-
field model and the “supernatural” model can only ac-
comodate CMB observations provided that Ω0 ≥ 0.98.
Similarly, the simplest single-field models of open infla-
tion, based on a modification of new inflationary poten-
tials with the addition of a barrier near the origin, induce
too large tensor anisotropies in the CMB unless the uni-
verse is sufficiently flat. Other single field models, where
a barrier is suitably appended to a generic slow-roll po-
tential far from the origin may not suffer from this prob-
lem [55].
For the coupled two-field model, there is a range of pa-
rameters for which all constraints from CMB anisotropies
are satisfied even if Ω0 is rather low (say Ω0 ≈ 0.4).
On the other hand, as argued in [22] (see Section VI),
stronger constraints arise if we consider the probability
distribution for the density parameter for a given set of
model parameters, and require that the measured value
of Ω0 is not too unlikely in the ensemble of all possible ob-
servers inside the bubble. In that case, CMB constraints
can still be accomodated provided that Ω0 ≥ 0.85.
Finally, we have considered the open hybrid model,
which was introduced in [26] with the motivation of gen-
erating a tilted blue spectrum of density perturbations.
In this model, all CMB constraints can be accommodated
even for low Ω0. Also, model parameters can be chosen so
that typical observers will measure the density parameter
in the range 0.1 <∼ Ω0 <∼ 0.9. In this sense, the open hy-
brid model fares better than the coupled two-field model.
This is perhaps not too surprising, since this model in-
volves three fields and hence has more free parameters.
Even so, it turns out that for the parameter range where
the CMB anisotropies are compatible with observations
at low multipoles, the tilt of the scalar spectrum is neg-
ligible.
In conclusion, we find that existing models of open in-
flation are strongly constrained by present CMB data.
However, there is still for all of them a range of parame-
ters where they would be compatible with observations.
Hawking and Turok [67] have recently proposed that it
is possible to create an open universe from nothing in a
model without a false vacuum. The instanton describing
this process is singular, and therefore its validity has been
subject to question [68]. Nevertheless, it has also been
pointed out that the quantization of linearized perturba-
tions in the singular background is reasonably well posed
[69]. Provided that one can make sense of the instanton
by appealing to an underlying theory where the singu-
larity is smoothed out, it seems that the details of that
theory need not be known in order to calculate the spec-
trum of cosmological perturbations. This spectrum can
be quite different from that of the one-bubble universe
case at large scales (see e.g. [23], where an analytically
solvable model was considered), and it deserves further
investigation.
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APPENDIX A:
The open universe scalar harmonics for the subcurva-
ture modes can be written as Qqlm = Πql(r)Ylm(θ, φ),
where [70]
Πql(r) =
√
Γ(iq + l + 1)Γ(−iq + l + 1)
Γ(iq)Γ(−iq)
P
−l−1/2
iq−1/2 (cosh r)√
sinh r
.
(A1)
Here Ylm(θ, φ) are the usual spherical harmonics.
The open universe scalar harmonics for the supercur-
vature modes (q2 = −Λ2) can be written as Yqlm =
Π¯Λ,l(r)Ylm(θ, φ), where [14]
Π¯Λ,l(r) =
√
Γ(l + 1 + Λ)Γ(l + 1− Λ)
2
P
−l−1/2
Λ−1/2 (cosh r)√
sinh r
.
(A2)
The various multipoles l ≥ Λ can be obtained from
P
1/2
Λ−1/2(cosh r)√
sinh r
=
√
2
π
coshΛr
sinh r
, (A3)
P
−1/2
Λ−1/2(cosh r)√
sinh r
=
√
2
π
sinhΛr
Λ sinh r
, (A4)
with the recurrence relation
(Λ2 − l2)P−l−1/2Λ−1/2 (cosh r) =
P
3/2−l
Λ−1/2(cosh r)− (2l − 1) coth r P
1/2−l
Λ−1/2(cosh r) . (A5)
To define the primordial scalar power spectrum we as-
sume that at the end of inflation the scalar metric per-
turbation takes the form
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R →
∑
Λ
RΛYΛ,lm (A6)
+
∑
±lm
∫ ∞
0
dqR±(q)Qqlm (A7)
from where the explicit expressions for the amplitudes
A2S , A
2
SC and A
2
W can be read off. The continuum part
of the scalar power spectrum is defined as
〈|R(q)|2〉 =
∑
±
|R±(q)|2, (A8)
see [12] for details.
To describe the open universe gravitational waves we
use the following notation. The perturbed metric (if we
only consider even gravitational perturbations) can be
written as
ds2 = a2(η)
[
−dη2 + (γ(0)ij + 2hij)dxidxj
]
. (A9)
The perturbation hij is then expanded as
hij =
∑
±lm
∫ ∞
0
dq h±qlm(η)Q
qlm
ij (x
k) , (A10)
where the even harmonics Qqlmij (x
k) = Gqlij(r)Ylm(θ, φ)
are transverse and traceless [70,18,28], and the radial
component is given by
Gqlrr(r) =
[
(l − 1)l(l+ 1)(l+ 2)
2q2(1 + q2)
]1/2
Πql(r)
sinh2 r
. (A11)
At the end of inflation, the gravitational perturbation
takes the form
hij →
∑
±lm
∫ ∞
0
dq h±(q)Q
qlm
ij (x
k) . (A12)
The powers pectrum is then defined as
〈|h(q)|2〉 =
∑
±
|h±(q)|2 , (A13)
see [18,19] for details.
APPENDIX B:
As mentioned in Section IV, an observer located at
a distance r ≫ 1 from the center of an inflating island
would measure an anisotropy due to the gauge invariant
perturbation (22). This is caused by a field perturbation
δφ ≈ (γ/2)φ0, where φ0 is the value of the scalar field at
the beginning of inflation at the location where the ob-
server lives. We can compare this with the perturbation
caused by the l > 0 supercurvature modes, which is of or-
der δφ ∼ HF /2π. The “semiclassical” anisotropy would
only dominate over the usual supercurvature anisotropies
when
γφ0 >∼ HF . (B1)
However, it turns out that such values of φ0 typically
occur only near the centers of inflating islands, as the
following argument shows [22]. If φc is the value at the
center, then
φ0 ≈ φc(1− γ
6
r2), r ≪ 1 (B2)
φ0 ≈ φc(1 − γ
2
r), 1≪ r ≪ γ−1 (B3)
Defining ∆φ = φc−φ0, the probability for the observer to
be at a distance r away from the center can be obtained
by expanding the exponent in (17)
P (φ0 +∆φ) ∝ exp
[−φ20
2f2
(
1 + 2
∆φ
φ0
)]
.
Hence, the expected ∆φ for an observer at φ0 is of or-
der ∆φ <∼ f2/φ0. Using (B3), we see that for values of
the field which satisfy (B1), the expected distance to the
center of the island is of order
r ∼ f
2
γφ20
∼ H
2
F
γ2φ20
<∼ 1.
Therefore, one is led to the conclusion that field values
for which the semiclassical anisotropy would be large,
satisfying (B1), occur typically near the center of the
islands, r ≪ 1, where the anisotropy is actually not seen!
The same conclusion can be reached from first prin-
ciples. All the necessary information is contained in
the quantum state, a wave functional depending on the
amplitudes of the different field multipoles. Expanding
the field as φ(r, θ, ϕ) =
∑
cqlmZqlm(x
i), the square of
the wave functional will give the probability distribution
P [φ] = ΠiPi[ci] for the coefficients ci, where i = (q, l,m)
is a collective index. P factorizes into independent Pi’s
(which are just Gaussian distributions for each ci), be-
cause we are quantizing linearized perturbations which
are decoupled from each other. The quantum state we
are using is homogeneous, and we can take any point on
the hyperboloid as the origin of coordinates. Let us then
take our observer to be at r = 0, and let us concentrate
on the supercurvature sector q2 = −1. All modes with
l > 0 vanish at the origin. Therefore, the value of the
field at r = 0 only depends on the coefficient cq2=−1,0,0
in our universe. The l = 0 mode is spherically symmet-
ric and hence does not contribute to anisotropies. The
anisotropies measured by this observer will only depend
on the amplitudes taken by the ci with l > 0, whose r.m.s.
is of order HF . From this point of view, it is clear that
typical observers will effectively not see the semiclassical
anisotropy discussed in Section IV.
However, as discussed above, the “weak” assumption
that our value of φ0 is not too special, in the sense that
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it will occur typically at large distances from the center
of the island, implies that γφ0 <∼ HF . In other words, we
must impose that the anisotropy induced by the pertur-
bation (22) should always be subdominant with respect
to the usual supercurvature anisotropy.
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